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Data information analysed by three-way decisions is not static but dynamically changing
in IvIS, which results in the updating of positive region, boundary region and negative
region of decision class X. In this paper, a matrix computational framework based on A-
similarity relation is proposed on the variation of the attribute set, attribute value and

ffg/e‘/:\?:ﬁ/.alued Information Systems (IVIS) object set. Based on the framework, some incremental algorithms are proposed to calculate
A-similarity relation the positive, boundary and negative region of X in dynamic IVIS. Finally, comparative
Matrix computational framework experiments on data sets from UCI are conducted when attribute set, attribute value
Incremental algorithms and object set are updating over time, respectively. Experimental results show that in

comparison with the traditional algorithm, the proposed algorithms can effectively save
time for the computation of positive, boundary and negative region of X in dynamic IvIS.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction

The main idea of three-way decisions (3WD) is to divide the whole into three independent parts and apply different
decision methods for different parts, which provides an effective strategy and method for solving complex problems [46,
44,47,45,30,35,13]. Various three-way decisions methods derived from Trisecting-Acting-Outcome (TAO) model have been
widely applied in machine learning, data mining, pattern recognition and other fields, such as three-way classification [42,
23,9,64,61], three-way clustering [52-54,1,51], three-way recommendation [27,59,48,15,58], three-way reduction [19,8,31,38,
2,20], three-way strategy [10,37,26], three-way analysis [36,7,33], three-way space [11,12], three-way incremental learning
[43,57,29], three-way concept learning [18,14], three-way matroid learning [21,22], three-way group decision-making [25,
39,34], etc.

Data analysed by 3WD are commonly explicated and presented through the information system, which includes object
set, attribute set and attribute value. However, in the real scene, data information is often not presented in the form of
single values, but interval values. In recent years, many scholars have studied Interval-valued Information Systems (IvIS) and
have made lots of achievements. By storing the minimum and maximum attribute value of certain object into the neighbour
locations of original dataset, Yin et al. [50] transformed the original dataset into the interval-valued dataset. Xie et al. [41]
introduced the information structure of IvVIS and then proposed new measures of uncertainty for IvIS. Based on the 6-
similarity relation, Dai et al. [4] gave 6-accuracy and 6-roughness to evaluate the uncertainty for interval-valued information
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system. Through selecting decision rules with a minimal set of features for classification of IvIS, Yee et al. [49] proposed
a classification rule adapting to IvIS based on rough sets. Miao et al. [32] proposed the concept of a-maximal consistent
blocks, which can provide simpler discernibility matrices and discernibility functions for IvIS. With the o-maximal consistent
blocks, it is faster to get the upper and lower approximations than traditional ways. Liang and Liu [24] explored decision
mechanism of interval-valued decision-theoretic rough sets. With a degree of possibility ranking method, decision rules
under a certain risk attitude of decision maker was derived. Du and Hu [G] proposed approximate distribution reducts in
inconsistent interval-valued ordered decision tables through dominance-based rough set, which was based on substitution of
the indiscernibility relation by the dominance relation. With the discernibility matrix, the substitution of the indiscernibility
relation by the dominance relation was extracted in IvIS. Liu et al. [28] investigated a new fuzzy relation by means of
similarity between interval values in IvIS. By a-approximate equal relation, the unsupervised attribute reduction method
based on information entropy was constructed. Based on S-rough sets and grey set, Li and Hu [17] proposed the concept
of S-grey rough sets and its lower and upper approximations. S-grey rough sets was proved to be an effective tool for
processing the data information in IvIS.

Under the information technology architecture of Internet and Cloud Computing, data in IvIS usually changes dynami-
cally. However, there are few studies on dynamic IvIS, whose attribute sets, object sets and attribute values are not static
but rather dynamically changing with time. Zhang et al. [63] proposed an incremental approach for updating lower and
upper approximations in the view of A-similarity relation when an attribute set was added into or removed from the IVIS,
respectively. Zhang et al. [62] recommended the average dominance relation and established average dominance rough sets
model on interval-valued hesitant fuzzy information system. Then four mechanisms for updating approximations from the
perspective of optimism and pessimism were proposed when updating the attribute set. Generally, the approaches above
ignore the updating of object sets and attribute value though they are more effective than traditional ways. Aiming at updat-
ing attribute sets and object sets effectively, Yu and Xu [55], Yu et al. [56] proposed two dynamic approaches for computing
rough approximations in IvIS, respectively. However, these two methods lack a unified framework to deal with dynamic IvIS
meanwhile.

In this paper, we establish a unified matrix calculation framework to calculate three-way decisions regions for dynamic
IVIS. The rest of the paper is organised as follows. Section 2 reviews some basic knowledge of intervals, IvIS and binary
relation Sﬁ. Section 3 proposes 3WD in IvIS based on matrices approach. Section 4 introduces the algorithm of updating
matrices for dynamic data sets. Some experimental analysis of matrices approach and traditional approach are discussed in
Section 5. Section 6 concludes the paper and elaborates on future studies.

2. Preliminaries

In this section, we introduce the basic knowledge of interval value and similarity relation in IvIS.

Definition 1. [16] Denote I = [b~,b"] given by [b~,b*] ={xeR |b~ <x<b*,b~ <b*}. I is called interval, where b~ and
b are called the lower and upper bounds of I, respectively.

If b~ >0, then I is called positive interval and if b+ <0, then I is called negative interval. When b~ =b™, the interval I
will degenerate into a single real number.

Definition 2. Let | = [b*, b*] be an interval, the length of I is defined as follows.

I(h=b"—b~ (M

Suppose Iy = [by, b} ] and I = [b;, b ] are two intervals. The union I; NI and the intersection I; U1, are also defined
as an interval.

L LNl = { [max (b, by ). min (bf,b3)], max(by,b5) <min(by,b])

@, otherwise
2. 11 Ul =[min (b7, b3),max (b7, b7)]

Definition 3. [63] Let IvIS = (U, A, V, f) be an Interval-valued Information System (IvIS). U is a non-empty finite set of
objects; A ={ay,az,---,an} is a non-empty finite set of attributes; V =(J,c4 Va is a set of intervals. For Ya € A, 3V, e V
under the mapping from U x A to V, expressed as f:U x A — V.

Since similarity relation is less strict than indiscernibility relation, many classical Rough Set Theory (RST) based on simi-
larity relation have been applied in IVIS recent years. Many researchers have done lots of works on similarity relation from
different perspectives [40,3,28,5]. Liu et al. [28] noted that similarity relation based on similarity degree S{‘] distinguishes
the difference between two interval values very well. Therefore, we take the similarity degree Sffj as the basis for similarity
relation in IvIS.

117



J. Shiand Z. Suo International Journal of Approximate Reasoning 149 (2022) 116-130

Table 1
An interval-valued information system.

a az as ag as

x; [01,06] [0406] [0204] [0007] [02,04]
x; [0608] [0406] [0305] [0810] [0.50.8]
x3s  [02,04] [0004] [0208] [0607] [0105]
x4 [0708] [0206] [0306] [0205] [0.4,09]
xs  [03,04] [0203] [0408] [0406] [0.410]
xs [0409] [0108] [0208] [0106] [0.50.7]
x;  [0607] [0307] [0102] [0808] [0.2,0.6]
xs [0610] [0.709] [0204] [0408] [0.4,0.8]
xo  [01,02] [0101]  [03,06] [0.709] [0.3,05]

Definition 4. [63] Let (U, A, V, f) be an IVIS. U ={x1,x2,--- ,Xi, -, X}, A={ay,az,--- ,ax, -+, ap}. The similarity degree
between x; and x; under the attribute a; is defined as follows.

SIFA — l(f (Xi7 ak) ﬂ f (xj, ak))
ij l((in, a) U f (xj, ak))

where i,j=1,2,...,n,k=1,2,...,m.

(2)

. . . . k . . .
Obviously, the similarity degree Sij satisfies the following properties.

Lo<sk<1
2. S{fj =1 if and only if f (x;, ar) = f (x;, ax)
3. 8, = sk,

Definition 5. [63] Let (U, A, V, f) be an IVIS, x;, xj € U, and a real number A € [0.5, 1]. The A-similarity relation with respect
to the attribute set A is defined as follows.

SA:{(x,-,xj)eUxUISiszk,VakeA} @)

It is easy to verify that the similarity relation S% satisfies reflexivity and symmetry, but not transitivity. Moreover, the
lower and upper approximation of decision class X can be derived by S%.

Definition 6. Let (U, A, V, f) be an IVIS. U = {x1,X2, -+ ,Xi, - ,Xn}, A={a1,az,---,an}, a real number A € [0.5, 1]. Given
a decision class X C U, the lower and upper approximation of X are defined as follows.

Xg = {xieU|Shx) < X} Ysﬁ ={xi e U | (Shx)NX)#0} (4)

Definition 7. The lower and upper approximation of X divide the X into three disjoint regions. They are the positive region
POSS;A{ (X), the boundary region BNDS;A‘ (X) and the negative region NEGS;AQ (X).

POSSQX) =XS}‘
BNDS, 00 = X, - Xy, )
NEGSIA“(X) =U-— XSf;‘

Example 1. In an IvIS given by Table 1, U = {xq, X2, X3, X4, X5, Xg, X7, X3, X9}, let X = {x1, x4, xg}. If A =0.5, A1 ={a1,az,as},
we can obtain the lower and upper approximations of X with respect to A1 as follows.
SG2 (1) = {x1), S§2 (x2) = {x2, Xa}, S (x3) = {x3), S (Xa) = {X2, Xa}, SG (x5) = {x5)
S92 (x6) = (X6}, S§ (x7) = {x7}, S97 (xg) = (xs}, S5 (x9) = {x0}

so we have:

Xg. = {x1, X}, Xg) = {X1, X2, X4, X6}
and
POSS%‘? (X) = {x1, x6}, BNDS%‘f (X) = {x2, x4}, NEGS%]S (X) = {x3, X5, X7, X3, X9}
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3. 3WD method based on matrix approach

However, the definitions above are not robust enough for tolerating the noisy samples in real applications. Besides, when
the dataset dynamically changing over time, it is time-wasting for interval-valued information system updating the lower
and upper approximation of X once again. Refer to the matrices method mentioned in [60], we propose 3WD method based
on matrices approaches to obtain positive, boundary and negative region in dynamic IvIS.

Definition 8. Let U = {x;, X2, ..., X} and X C U. The characteristic vector G(X) = (g1, g2, ..., &:)" (T denotes the transpose
operation) is defined as follows.

1, xeX
gl_{O, Xi¢x (6)

where G(X) assigns 1 to an element that belongs to X and O to an element that does not belong to X.

Example 2. (Continued from Example 1). Let U = {xq, X2, X3, X4, X5, Xg, X7, X3, X9} and X = {x1,x4,Xx}. Then G(X) =
(1,0,0,1,0,1,0,0,0)7.

Definition 9. Given an IvIS = (U, A, V, f). M,fin = (myj),,, is called the relation matrix with respect to the similarity
relation S%. Then my; is defined as follows.

1 (xi.x5) €S
mi={o Gt @

A
Corollary 1. Let M,fﬂn = (mij) and Sj} be a A-similarity relation, then m;; =1 and mjj =mjj, 1 <i, j <n.

nxn

Example 3. (Continued from Example 1). In the IvIS given by Table 1, A1 = {ay, az, as}, the relation matrix w.r.t. A; can be
described as follows.

1 0000O0O0OO0OU

010100000

001000O0OO0TO

505 01 0100O0O0O

Mg, o=]10 0 0 0 1 0 0 0 O

0000O0T1O0O0O0

0000O0O0OT1TO0OO

0000O0OO0OOTO

000O0O0OOO OO OI1

A A
Definition 10. Let S’ be a A-similarity relation on U, A,fin be an induced diagonal matrix of M:Qn = (mff)nxn'
SN SRR SR Y (S S B —
A = dicg <M G ) T (Z'}zl myjt Yhamy Y mnj) ©

where A; = Z’}:] mij, 1 <i<n.

1
Sho) 0
| 0
A S)\
Corollary 2. A%, = S0 and 1< |Sk (x| <n1<i<n.
: : -
0 0 SR o

50.5 50,5
Example 4. (Continued from Example 3). The induced diagonal matrix of Mgi‘g can be computed by Definition 10. Agi]g =
diag (1,1/2,1,1/2,1,1,1,1,1).

Definition 11. [60] Let (U, A, V, f) be an IvIS and X C U. G(X) is the characteristic vector of X. M,fin
A A
w.r.t. A and A,f;‘(n is the induced diagonal matrix of M,fin. The n-column vector H(X) is defined as follows.

is relation matrix
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fnm=Aﬁw(Mﬁwch )

where e is dot product of matrices.

Y . s
Corollary 3. Suppose H(X) = (hy,hy, -+, hy)T. Let A%, = diag (ﬁ ;—2 e 117) M4, = (mij)nxnr GX)=(g1.82.---.8n)",
n
WhereAi:Z?ﬂmU,l <i<n.ThenVie{l1,2,...,n}, hj= % and0<h; <1.
j=1Mij

Definition 12. [60] Let 0 < ;v < v < 1. Four cut matrices of H(X), denoted by HI*V1 H®-vl Hlwv) and H®Y) are defined
as follows.

(1)
HUS 0 = (ysr, By =0 ==Y (10)
g T o, else
(2)
H(“’U](X):(h{) 5L W= 1, w<hi=<v 1)
g T o, else
(3)
HBYV) (X)) = (h) h = 1, w<hi<v b
= Ulj)nx1, i— 0, else ( )
(4)
H(M,U) X) = h/ h/_ 17 /Ja<hl<]) 13
(X)=( i)nxl, i= 0, else ( )

Theorem 1. Let (U, A,V, f)beanIviSand X C U. Sf:‘ be a A-similarity relation and H(X) = (hq, hy, - -- ,hy)T. Then the lower and
upper approximation of X in the IVIS can be derived from the cut matrices as follows.

(1) The n-column characteristic vector G <§ 52) of the lower approximation X si'
G (55%) — HW(x) (14)
(2) The n-column characteristic vector G <752) of the upper approximation 75}‘5

G (Xg) =HONX) (15)

T T
Proof. Suppose G(X) =(g1,82,....8)", G (XS%) = (g} &5, g HEUX) = (k) by, ... b))
(1)=: For each i € {1,2,---,n}, if glf =1, then x; eﬁs}- Since Xsi\ C X, we have x; € X. According to Definition 6, we
know that for each x; € S% (x), xj € X, which means m;j =mj; =1 and g; = 1. That is, m;; = m;;g;. According to Corollary 3
n
and Definition 12, h; = E%T:“g' =1 and h} = 1. Hence, for each i € {1,2,---,n}, g/ <hl. That is, G <Ks';> < HL(x).
j=1Mij
Zt}:lmijgj
=1 mij
for each je({1,2,.--,n}, if mjj =1, then g; =1, that means x; € X. Hence we have S%(xi) C X, that is x; egsﬁ and glf =1.

Thus, for each i € {1,2,---,n}, g/ > h!. Therefore, G (XSO > HI1(X),

= M4

«<: For each i € {1,2,---,n}, if hj =1, then h; =1, which means = 1. That is 2?21 mij = 2221 m;jg;. Then

Therefore, for each i € {1,2,---,n}, we have g/ =h/ and G <Ks;) = HL1(x).
(2) The proof is similar to that of (1). O

According to Definition 7 and Theorem 1, the positive region PO S s} (X), the boundary region BNDS}‘ (X), the negative
region NEG s} (X) can be generated from the cut matrices, repectively.

(1) The n-column vector G (POSS-% (X)) of the positive region:
G(Possﬁ(X)) = HIH(X) (16)
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Table 2
The characteristic matrices of the positive, boundary and negative region on Table 1.
HED G (&215 = G (YS%;»,> = G (POS(S%Z'“)(X) = G BND(S((}Z'O'3>(X)> = ¢ (NEGlSOg‘E'3J(X)> =
HILTI(X) HO1I(X) 1011 (x) HO7b3)(x) 10051 (x)
M1 17 17 [17] [07] [07]
1/2 0 1 0 1 0
0 0 0 0 0 1
1/2 0 1 0 1 0
0 0 0 0 0 1
1 1 1 1 0 0
0 0 0 0 0 1
0 0 0 0 0 1
Lo | 1 0] L0 ] L 0| L0 ] 1]

(2) The n-column vector G (BNDsﬁ (X)) of the boundary region:

G (BNDg, (X)) = H®D(x) (17)
(3) The n-column vector G (NEGSQ (X)) of the negative region:

G (NEGg, (X)) = HIl(x) (18)

Corollary 4. Given a pair of threshold (o, B), the (&, B)-probabilistic positive, boundary and negative region can be generated from
the cut matrices, repectively.

(1) The n-column vector G (PO Sg’ﬂ)(X)) of the positive region:

G <POS(S‘3£”3)(X)) = Hl*(x) (19)
(2) The n-column vector G (BND(S‘;’ﬂ) (X)) of the boundary region:

G (BND(S‘Z’B)(X)> =H@P (x) (20)
(3) The n-column vector G <NEG(S‘;“’3)(X)> of the negative region:

G (NEG(SZ”S)(X)) = HI%Pl(x) (21)
where0< g <a<1.

Example 5. (Continued from Example 4). In the IvIS given by Table 1, U = {x1, X2, X3, X4, X5, Xg, X7, X8, X9}, X = {X1, X4, Xs},
L =0.5 A1 ={ay,ay,as}, given a pair of threshold («, 8) = (0.7, 0.3), we can obtain the positive, boundary and negative
region as follows (Table 2).

4. Matrices updating approaches oriented dynamic IvIS

In order to reduce the computational cost of updating the positive region POSS}* (X), boundary region BNDS;A* (X) and
negative region NEGSQ (X) in dynamic IvIS, we propose incremental matrix updating approaches oriented dynamic IvIS in
this section. In general, there are three situations about dynamic IvIS:

(1) variation of the attribute set

(2) variation of the attribute value

(3) variation of the object set.

In terms of traditional algorithm, the key step is to construct an evaluation function and a pair of threshold oriented

dynamic Ivis. Considering the 3WD method in Probabilistic Rough Set (PRS), let Pr (X | S (x)) = [Sacx

function. The detailed step of traditional algorithm is as shown in Algorithm 1.

X .
Wig" be the evaluation
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Algorithm 1: Traditional algorithm for computing the positive, boundary and negative region of X in term of varia-
tion of IvIS (TA-PBN-IS).

input : An interval-valued information system with the attribute set A, a decision class X, a real number A € [0.5, 1] and a pair of threshold («, B)
output: the positive region POSs; (X), boundary region BNDS; (X) and negative region NEGs; (X)

1 begin
2 for ij=1ton do
3 for k=1tom do /* According to Definition 5 */
a K _ I(f (xi.a)N f (xj.a5)) .
ij I((Fxi.a)Uf (xj.a5))
5 if Sffj > ) then /* According to Definition 6 */
6 | (i) € S5
7 else
: | (o) # %
9 end
10 end
11 end
12 for i=1ton do
13 i ’S‘f;g:xm)f‘ >« then / Compute POSg, (X), BND, (X) and NEGg (X) +/
14 | X € POSg (X);
15 else if 8 < ‘Sj‘(fi)mx‘ <« then
S (0]
16 | Xi € BNDg, (X);
17 else
18 | X € NEGg (X);
19 end
20 end
21 end
Data: updating the attribute set A; /* variation of A */
22 updating the attribute value set V; /* variation of V x/
23 updating the object set U; /* variation of U x/

24 repeat begin-end until Data is not updating;
output: the positive region POSS;A (X), the boundary region BNDS;\\ (X), the negative region NEGSQ\ (X)

Algorithm 1 is the traditional algorithm to compute the positive, boundary and negative region of X in dynamic IvIS (TA-
PBN-IS). The step 2 — 11 is to compute similarity degree SZ and A-similarity relation S’}‘. The step 12 — 20 is to compute
the positive, boundary and negative region of X. The step 21 — 24 is to repeat step 12 — 20 while updating IvIS. The total
time complexity of MA-PBN-IS is shown in Theorem 2.

Theorem 2. In TA-PBN-IS, time complexity of step 2 — 11 is O (n%). Time complexity of step 12 — 20 is O (n). Time complexity of step
21 — 24 is O (n). So, the total time complexity of TA-PBN-IS is O (n3).

Proof. Time complexity of algorithm is T(n) = O (f(n)), where f(n) represents the execution time of algorithm. For step
2 — 11, it is easy to verify that T{(n) =n (n — 1) x m. For step 12 — 20, T(n) =n. Then T(n) = T (n) + T2(n) = m(n? —
n) + n. Since m and n are of the same order, T(n) =n® +n% —n. Let f(n) =n3, there exist real numbers c=2 and N =1
satisfying that when n > N, 0 < T(n) <2 x f(n). Total time complexity of TA-PBN-IS is O (n3). a

In terms of matrices computing algorithm, under the situation of variation of the attribute set and variation of the

. . . . . sS4 . Y
value of the attribute set, the key step is to updating the relation matrix M2, = (mU)nxn and the diagonal matrix A2,
respectively. While under the situation of variation of the object set, the key step is to updating the characteristic vector

G(X)=(g1,82,...,8)". Several algorithms under different situations are introduced as follows.
4.1. Updating the attribute set

Zhang et al. [63] proposed an incremental approach for updating the approximations of rough sets under the situation
of variation of the attribute set in set-valued system, which is also effective in IVIS.

S)\
Corollary 5. Let A1, Ay € A be two subsets of A and A1 N Ay = (. Suppose Mni]nUAZ = (m,T]) be a relation matrix w.r.t. Sﬁlqu,
nxn

A
SAI

nxn —

S}\
and M (m,j)nxn be a relation matrix w.r.t. 5%1. Then M, %12 — (m.T.) can be updated as follows when adding A; into A1.
nxn

nxn ij

0, mj=0vmj=1A(x,x;) ¢S
m :{ mi;j mij (X ])¢ A, (22)

1, mij =1A (X, %)) € S,
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Proof. If m;j =0, which means there exists at least an attribute a,(1 <k <m) € A making (x;,x;) ¢ S*l, then according to

Definition 9, m;; remains unchanged by adding A, to Ay, that is mlTj =0. If mj; =1, that means for each attribute a(1 <

k<m) e A1, (xi,x)) € Sﬁl holds. Then if (x;, x;) € S*z, that is for each ax(1 <k <m) € A; U A, we have (x;,x;j) € S?ﬁqu'

According to Definition 9, miTj =1. Otherwise, mfj =0. O

Example 6. (Continued from Example 5). In the IvIS given by Table 1, U = {x1, X2, ...,X9}, A = 0.5, Ay ={aj,az,as}, Ay =
S)V
{a3, a4). The relation matrix M, ;"2 = (mij),,,.,, can be described as follows.
1 0000O00O

S%oua
1Y42 _
M9><9 -

O, OO OCOCOOOoO
—_ OO0 OO OO0 O0OO0o

[eNeoll loloNoNo)
(=N eNoNoNoNe)

OO OO OOOOo
OO OO0 OO =
(=N loNe oo
[=NelNeNeNeR e Nol
[eNeNeNeR o N Nol

S %
Corollary 6. Let A; C A1 C A. Suppose Mni‘n 2= (mﬁ) be a relation matrix w.r.t. S}h—Az and M2, = (mij),,., be a relation
nxn

A
A=Ay

S
matrix w.r.t. S’}h. Then M, ., % = (mf]) can be updated as follows when deleting A, from A1.
nxn
0, mii =0 A (x;, x;) & S*
m.¢.= ij ( i ]) ¢ A1—A (23)
1 1, mijzlvmij=0/\(x,‘,xj)eSA17A2

Proof. The proof is similar to the Proof of Corollary 5. O

Matrix computing algorithm under the situation of variation of attribute set is as shown in Algorithm 2 and Algorithm 3.

Algorithm 2 is matrix computing algorithm for computing the positive, boundary and negative region of X in term
of adding an attribute set (MA-PBN-AA) while Algorithm 3 is matrix computing algorithm for computing the positive,
boundary and negative region of X in term of deleting an attribute set (MA-PBN-DA). In MA-PBN-AA, step 5 — 9 computes
characteristic vector G(X). Step 10 — 17 is to update relation matrix M:ilnw‘z. The total time complexity of MA-PBN-AA is
shown in Theorem 3. Obviously, the total time complexity of MA-PBN-DA is the same as that of MA-PBN-AA. Compared
with TA-PBN-IS, MA-PBN-AA and MA-PBN-DA update the relation matrix based on the original ones, which can achieve
identical results with less time.

Theorem 3. In MA-PBN-AA, time complexity of step 3 — 9 is O (n). Time complexity of step 3 — 20 is O (n). Time complexity of step
21 — 24 is O (n). The total time complexity of TA-PBN-AA is O (n?).

Proof. For step 3 —->20, T =142+ ---+(n—1) = @ Let f(n) =n?, there exist real numbers c=1 and N =1
satisfying that when n> N, 0 < T(n) < f(n). So, total time complexity of TA-PBN-AA is O (n?). O

Obviously, the total time complexity of MA-PBN-DA also is O (n?). Compared with TA-PBN-IS, MA-PBN-AA and MA-PBN-
DA update the relation matrix based on the original ones, which can achieve identical results with less time.

4.2. Updating the attribute value

Corollary 7. Given an IvIS' = (U*, A", V!, ') for time t. Suppose the value of x; under the attribute aj be changed in time t + 1,

. . .Sk
which means f*+1(x;, ax) # f'(x;, ai). Then the relation matrix M2, = (m,-j);iln can be updated as follows.

t_ k \t t_ kye+1
w0 (m=0n(sEr z2) v (mf =1 <2)

m
i 1, (ml!j =0 A (. X))+ e s;) v (mgj = 1A (SEH = x)

123



J. Shiand Z. Suo

International Journal of Approximate Reasoning 149 (2022) 116-130

Algorithm 2: Matrix computing algorithm for computing the positive, boundary and negative region of X in term of

adding an attribute set (MA-PBN-AA).

input : An interval-valued information system with the attribute set A, a decision class X and a pair of threshold (e, 8); Adding an attribute A;
output: the positive region POSSA . (X), boundary region BNDSii » (X) and negative region NEGS% » X)
1+A2 1 2 1 2

1 begin
2 A1+ Ay — Aq;
3 for i=1ton do
4 miTi =1;
5 if x; € X then
6 | si=1
7 else
8 | &=0;
9 end
10 for j=i+1ton do
11 if m;j ==0 then
12 | ml=0;
13 elseif (x;,xj) € S}h then
14 | miTj =1;
15 else
16 | miTj =0;
17 end
18 A=A +m,Tj;
19 end
20 end
Shy+ay —di 1 1 . 1
21 Compute A, * =diag <Z?:1 my; Z?:l ma; > Z?:l Mg )
A A
22 | Compute H(X) = Aii‘,ﬁ"z . (M,fi‘n“z . G(X))

23 end

/* According to Definition 9 */

/* According to Corollary 6 */

/+ Update A; */

/* Update H(X) */

output: G ( POS®P (X)) =H*1(X), ¢ (BNDYP (X)) =H@P (X), G (NEGC*P (X)) =HOAI(X)
Shy+hy Shy+ay Shy+hy

Algorithm 3: Matrix computing algorithm for computing the positive, boundary and negative region of X in term of

adding an attribute set (MA-PBN-DA).

input : An interval-valued information system with the attribute set A, a decision class X and a pair of threshold (o, 8); Deleting an attribute A,
output: the positive region POSSQ . (X), boundary region BNDSQ . (X) and negative region NEGSii . X)
1742 1742 1742

1 begin
2 A1 — Ay — Aq;
3 for i=1ton do
4 mil,. =1;
5 if x; € X then
6 | &=1
7 else
8 | &=0;
9 end
10 for j=i+1ton do
1 if mj; ==1 then
12 | m,.lj =1;
13 elseif (x;,x;) € quz then
14 | mf=1;
15 else
16 | milj =0;
17 end
18 A=A +m}j;
19 end
20 end
521*A2 — i 1 1 1
21 Compute A, * =diag <Z?:1 . Z,}:l et e Z?:1 mnj)
Shny [ Shro
22 Compute H(X) = A, 2 e (Mnx‘,, 2 -G(X))
23 end
output: G (Pos“i"” (X)) = Hl*11(X),6 (BND‘?"'”
SAI—AZ SA]—A

(X)) = H@P (X),G (NEG(SO:
2 A

1—

/* According to Definition 9 */

/* According to Corollary 6 */

/* Update A; */

/* Update H(X) */

» <X>) = HA(X)
A2
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Algorithm 4: Matrix computing algorithm for computing the positive, boundary and negative region of X in term of
variation of value of attribute set (MA-PBN-VA).

input : An interval-valued information system with the fi*1(x;, ay) changed at time t + 1, a decision class X and a pair of threshold (c, 8)
output: the positive region POSS;i (X), boundary region BNDS; (X) and negative region NEGS;Ai X)

1 begin
2 | ffeaa) — F L @);
3 for i=1ton do
4 m;.‘*'] =1;
5 if x; € X then /* According to Definition 9 */
6 | g=1
7 else
8 | &=0;
9 end
10 for j=i+1ton do /* According to Corollary 6 */
1 if mi! ==1 then
12 if <s;<j)f+‘ < A then
t+1 _ 0.
13 | mj'=0;
14 else
1 _ 1.
15 | mi't=1
16 end
17 else
18 if (x;,x;))""1 € S% then
1 _ 4.
19 | mi't=1
20 else
t+1 _ 0.
21 | mi'=o0;
22 end
23 end
24 A=A +m§j“; /% Update A; */
25 end
26 end
27 Compute Ai;in = diag | —=— QRIS K —
Dhmamiy’ Yo mj > i1 M
S)\ SL
28 Compute H(X) =A%, o (Mnin . G(X)) /* Update H(X) */
29 end

output: G (POSE%”(X)) = Hl*U(x),G (BND(;’ﬂ)(X)> = H@A (X),G (NEG(S‘Z*‘”(X)) = HIOBI(x)
A A A

Proof. Suppose mfj =0.If (S:.‘j)t > X, which means there exists an attribute g;(l # k) € A satisfying (Sf.j)‘ < A, then mfj“ =0.
If (S{.‘j)[ < A, according to Definition 6, mgj“ =1 holds only if (x;, xj)t“ € Sﬁ; Suppose mfj =1, which means for each q; € A,
(Si)" = 2 holds. Then if ()" <2, mgj“ =0, else mfj“ =1. O

Matrix computing algorithm under the situation of variation of attribute value set is as shown in Algorithm 4. In MA-
. . . . Y .
PBN-VA, step 3 — 9 computes characteristic vector G(X). The step 10 — 26 is to update relation matrix M, %,. The total time

complexity of MA-PBN-VA is shown in Theorem 4. MA-PBN-VA also has less time complexity compared with TA-PBN-IS.

Theorem 4. In TA-PBN-VA, time complexity of step 3 — 9 is O(n). Time complexity of step 3 — 26 is O (n?). So, the total time
complexity of TA-PBN-IS is O (n?).

Proof. The proof is similar to the Proof of Theorem 3. O
4.3. Updating the object set

Corollary 8. Given an IvIS' = (U, A", V', ') for time t, X € U*, G*(X) and G**1(X) are characteristic vector at time t and t + 1,
respectively. Suppose a new object set AU = {Xn 1, Xn12, - » Xnm) adding to Ut at time t + 1, that is U1 = Ut U AU, X1 =

T
Xt UAX, AX C AU.Then G1(X) = (gﬁ’q, g§+1, e gfl’frl] . g,ﬂ’fr}n) can be updated as follows.

gl 1<i<n
g=11 xeAXAn+1<i<n+m (25)
0, xi¢AXAn+1<i<n+4+m
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Algorithm 5: Matrix computing algorithm for computing the positive, boundary and negative region of X in term of
variation of object set (MA-PBN-VO).
input : An interval-valued information system at time t + 1 with a new object set AU = {Xy4+1, Xn+2, -+ , Xn+m}, @ decision class X and a pair of

threshold (o, B)
output: the positive region POSS;A (X), boundary region BNstj1 (X) and negative region NEGS;A (X)

1 begin

2 U'UAU - U XtUAX — X'

3 for i=1 to n+m do

a | | omon

5 if 1 <i<n then /* According to Definition 9 */
6 & =g

7 for j=i+1 to n+m do /* According to Corollary 6 =/
8 if (x;,x;))""1 € S% then

t+1 _ 4.
9 | mit=1
10 else
t+1 _ 0.

1 | mi'=o0;

12 end

13 end
14 else if x; € AX then

15 | &t'=1;
16 else

17 | gt'=0

18 end

19 A=A+ mﬁjﬂi /* Update A;j */
20 end

S)\
21 Compute A%, =dig 1, 1 1
P o € (er!:l myj 27:1 maj 27:1 Mpj
s)\ S)‘

22 | Compute H(X)=A,%, o (M,,Q" . G(X)) /+ Update H(X) =/
23 end

output: G (POS?"”(X)) = Hl@1(X) G (BND(S‘i-/”(X)) = H@®P(X),G (NEG(SO{““(X)> = HIOAl(X)
A A A

Proof. Let U1 = UTUAU. Obviously, when 1 <i < n, characteristic vector G*1(X) is unchanged. According to Definition 8,

whenn+1<i<n+m,ifx e AX, gi*! =1. Otherwise, gi*' =0 O

Matrix computing algorithm under the situation of variation of object set is shown in Algorithm 5. In MA-PBN-VA, step
L . . . sk .
5 — 18 updates characteristic vector G(X){*!. The step 7 — 13 is to compute relation matrix M(nA+m)X(n+m). The total time
complexity of MA-PBN-VO is shown in Theorem 5.

Theorem 5. In TA-PBN-VO, time complexity of step 7 — 13 is O (n). Time complexity of step 3 — 20 is 0 (n?). So, the total time
complexity of TA-PBN-VO is O (n?).

Proof. The proof is similar to the Proof of Theorem 3. O

5. Experimental evaluations

In this section, in order to test performance of TA-PBN-IS, MA-PBN-AA, MA-PBN-VA and MA-PBN-VO, we download
six real number data sets from the University of California at Irvine (UCI) machine learning data repository and compare
computational time of algorithms on UCI data sets. The description of data sets is shown in Table 3. In particular, as an
important input parameter of the algorithm, X is generated by the decision attribute in IvIS generally. Considering that some
datasets in Table 3 do not contain decision attribute and in order to illustrate the effectiveness of incremental algorithms
for any decision class, X is randomly generated in experiment. Firstly, we need to transform real number data sets into
interval-valued data sets. Refer to the statistical method mentioned in [16], we increase by 10% of the real number as
the upper bound of interval-valued number and decrease by 10% as the lower bound, respectively. Then we compare the
computational time of TA-PBN-IS, MA-PBN-AA, MA-PBN-VA and MA-PBN-VO oriented dynamic data sets. The computations
are conducted on a PC with Windows 10 and Intel(R) Core(TM) i7-9750H CPU @ 2.60 GHz. Algorithms run in MATLAB
2018b.
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Table 3
A description of data sets.
Serial number Data sets Abbreviation Instance Attributes
1 Wine Wine 178 13
2 Ecoli Ecoli 336 8
3 Abalone Abalone 4177 8
4 Waveform Database WDGV2 5000 40
Generator (Version 2)
5 Gait Classification GC 48 321
6 ForestFire FF 517 13
25 1.4 5
—%— TA-PBN-IS —*— TA-PBN-IS —*— TA-PBN-IS
©--- MA-PBN-AA 1351 |---G--- MA-PBN-AA ©--- MA-PBN-AA L
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Fig. 1. The comparison of computation time between Algorithm TA-PBN-IS and MA-PBN-AA versus the size of data sets.

5.1. Comparison between TA-PBN-IS and MA-PBN-AA

Under the situation of updating the attribute set, we divide each data sets in Table 3 into equal parts according to the
number of attributes. Then we gradually merge these sub datasets and compare computational time between TA-PBN-IS and
MA-PBN-AA. The comparative result is shown in Fig. 1.

From Fig. 1, we can see clearly that computational time of Algorithm TA-PBN-IS and MA-PBN-AA increase with the
increasing of size of attribute sets. Besides, we can draw such a conclusion that MA-PBN-AA is always faster than TA-PBN-IS
on every data set in Table 3.

5.2. Comparison between TA-PBN-IS and MA-PBN-VA

Under the situation of updating the value of attribute set, we gradually update the attribute value sets in Table 3 with
the ratio from 0% to 50%. Then we compare computational time between TA-PBN-IS and MA-PBN-VA. The comparative result
is shown in Fig. 2.

From Fig. 2, we can see that computational time of TA-PBN-IS or MA-PBN-AA differs from the updating ratio of attribute
sets. And it is also clearly that MA-PBN-VA is always faster than TA-PBN-IS on every data set in Table 3.

5.3. Comparison between TA-PBN-IS and MA-PBN-VO

Under the situation of updating the object set, we divide each data sets in Table 3 into equal parts according to the
number of objects. In the same way, we gradually merge these sub datasets and compare computational time between
TA-PBN-IS and MA-PBN-VO. The comparative result is shown in Fig. 3.

From Fig. 3, it is also clear that computational time of TA-PBN-IS and MA-PBN-VO increase with the increasing of size of
object sets. Similarly, MA-PBN-VO is always faster than TA-PBN-IS on every data set in Table 3.
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Fig. 2. The comparison of computation time between Algorithm TA-PBN-IS and MA-PBN-VA versus the size of data sets.
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Fig. 3. The comparison of computation time between Algorithm TA-PBN-IS and MA-PBN-VO versus the size of data sets.

6. Conclusion

IvIS can effectively reflect the uncertain information in real life. In fact, in the real scene, the uncertain information is
constantly changing, and these changes can be comprehensively reflected in the dynamic IvIS. There are three situations in
dynamic IvIS: updating of attribute sets, updating of attribute value and updating of object sets. In this paper, a matrix com-
putational framework based on A-similarity relation is proposed. Then corresponding algorithms are established respectively
to calculate the positive, boundary and negative region on IvIS under three situations mentioned above. Each algorithm is
compared with the traditional algorithm on six data sets from UCIL The results show that the proposed algorithms run faster
and are more effective than the traditional algorithm. Our future work will focus on three-way decisions methods on mixed

data sets in dynamic data sets.

128



J. Shiand Z. Suo International Journal of Approximate Reasoning 149 (2022) 116-130

CRediT authorship contribution statement

Ji Shi: Conceptualization, Formal analysis, Investigation, Methodology, Software, Writing - original draft. Zhongying Suo:
Data curation, Funding acquisition, Writing - original draft.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

References

[1] Mohammad Khan Afridi, Nouman Azam, JingTao Yao, Eisa Alanazi, A three-way clustering approach for handling missing data using gtrs, Int. J. Approx.
Reason. 98 (2018) 11-24.
[2] Yumin Chen, Zhigiang Zeng, Qingxin Zhu, Chaohui Tang, Three-way decision reduction in neighborhood systems, Appl. Soft Comput. 38 (2016) 942-954.
[3] Z.C. Chen, K.Y. Qin, Attribute reduction of interval-valued information system based on variable precision tolerance relation, Comput. Sci. 36 (3) (2009)
163-166.
[4] Jianhua Dai, Wentao Wang, Ju-Sheng Mi, Uncertainty measurement for interval-valued information systems, Inf. Sci. 251 (2013) 63-78.
[5] Jianhua Dai, Bingjie Wei, Xiaohong Zhang, Qilai Zhang, Uncertainty measurement for incomplete interval-valued information systems based on «-weak
similarity, Knowl.-Based Syst. 136 (2017) 159-171.
[6] Du Wen Sheng, Bao Qing Hu, Approximate distribution reducts in inconsistent interval-valued ordered decision tables, Inf. Sci. 271 (2014) 93-114.
[7] Yan Fan, Jianjun Qi, Ling Wei, A conflict analysis model based on three-way decisions, in: International Joint Conference on Rough Sets, Springer, 2018,
pp. 522-532.
[8] Yu Fang, Fan Min, Cost-sensitive approximate attribute reduction with three-way decisions, Int. ]. Approx. Reason. 104 (2019) 148-165.
[9] Yu Fang, Cong Gao, Yiyu Yao, Granularity-driven sequential three-way decisions: a cost-sensitive approach to classification, Inf. Sci. 507 (2020) 644-664.
[10] Cong Gao, Yiyu Yao, Actionable strategies in three-way decisions, Knowl.-Based Syst. 133 (2017) 141-155.
[11] Bao Qing Hu, Three-way decisions space and three-way decisions, Inf. Sci. 281 (2014) 21-52.
[12] Bao Qing Hu, Xue Rong Zhao, Erratum to “three-way decisions space and three-way decisions”, Inf. Sci. 281 (2014) 21-52, Inf. Sci. 357 (2016) 218-220.
[13] Bao Qing Hu, Heung Wong, Ka-fai Cedric Yiu, On two novel types of three-way decisions in three-way decision spaces, Int. ]. Approx. Reason. 82 (2017)
285-306.
[14] Chenchen Huang, Jinhai Li, Changlin Mei, Wei-Zhi Wu, Three-way concept learning based on cognitive operators: an information fusion viewpoint, Int.
J. Approx. Reason. 83 (2017) 218-242.
[15] Jiajin Huang, Jian Wang, Yiyu Yao, Ning Zhong, Cost-sensitive three-way recommendations by learning pair-wise preferences, Int. J. Approx. Reason. 86
(2017) 28-40.
[16] Yee Leung, Manfred M. Fischer, Wei-Zhi Wu, Ju-Sheng Mi, A rough set approach for the discovery of classification rules in interval-valued information
systems, Int. J. Approx. Reason. 47 (2) (2008) 233-246.
[17] Cong Li, Haiqing Hu, S-grey rough sets and its application in data processing of interval-valued information system, in: Advances in Information
Technology and Industry Applications, Springer, 2012, pp. 225-232.
[18] Jinhai Li, Chenchen Huang, Jianjun Qi, Yuhua Qian, Wenqi Liu, Three-way cognitive concept learning via multi-granularity, Inf. Sci. 378 (2017) 244-263.
[19] Meizheng Li, Guoyin Wang, Approximate concept construction with three-way decisions and attribute reduction in incomplete contexts, Knowl.-Based
Syst. 91 (2016) 165-178.
[20] Weiwei Li, Xiuyi Jia, Lu Wang, Bing Zhou, Multi-objective attribute reduction in three-way decision-theoretic rough set model, Int. J. Approx. Reason.
105 (2019) 327-341.
[21] Xiaonan Li, Bingzhen Sun, Yanhong She, Generalized matroids based on three-way decision models, Int. ]. Approx. Reason. 90 (2017) 192-207.
[22] Xiaonan Li, Huangjian Yi, Zhaohao Wang, Approximation via a double-matroid structure, Soft Comput. 23 (17) (2019) 7557-7568.
[23] Yuefeng Li, Libiao Zhang, Yue Xu, Yiyu Yao, Raymond Yiu Keung Lau, Yutong Wu, Enhancing binary classification by modeling uncertain boundary in
three-way decisions, IEEE Trans. Knowl. Data Eng. 29 (7) (2017) 1438-1451.
[24] Decui Liang, Dun Liu, Systematic studies on three-way decisions with interval-valued decision-theoretic rough sets, Inf. Sci. 276 (2014) 186-203.
[25] Decui Liang, Witold Pedrycz, Dun Liu, Pei Hu, Three-way decisions based on decision-theoretic rough sets under linguistic assessment with the aid of
group decision making, Appl. Soft Comput. 29 (2015) 256-269.
[26] Decui Liang, Mingwei Wang, Zeshui Xu, A novel approach of three-way decisions with information interaction strategy for intelligent decision making
under uncertainty, Inf. Sci. 581 (2021) 106-135.
[27] Dun Liu, Xiaoqing Ye, A matrix factorization based dynamic granularity recommendation with three-way decisions, Knowl.-Based Syst. 191 (2020)
105243.
[28] Xiaofeng Liu, Jianhua Dai, Jiaolong Chen, Chucai Zhang, Unsupervised attribute reduction based on «-approximate equal relation in interval-valued
information systems, Int. J. Mach. Learn. Cybern. 11 (9) (2020) 2021-2038.
[29] Chuan Luo, Tianrui Li, Incremental three-way decisions with incomplete information, in: International Conference on Rough Sets and Current Trends
in Computing, Springer, 2014, pp. 128-135.
[30] Chuan Luo, Tianrui Li, Yanyong Huang, Hamido Fujita, Updating three-way decisions in incomplete multi-scale information systems, Inf. Sci. 476 (2019)
274-2809.
[31] Xi-Ao Ma, Xue Rong Zhao, Cost-sensitive three-way class-specific attribute reduction, Int. J. Approx. Reason. 105 (2019) 153-174.
[32] Duogian Miao, Nan Zhang, Xiaodong Yue, Knowledge reduction in interval-valued information systems, in: 2009 8th IEEE International Conference on
Cognitive Informatics, IEEE, 2009, pp. 320-327.
[33] Mohammad Nauman, Nouman Azam, JingTao Yao, A three-way decision making approach to malware analysis using probabilistic rough sets, Inf. Sci.
374 (2016) 193-209.
[34] Jifang Pang, Xiaoqiang Guan, Jiye Liang, Baoli Wang, Peng Song, Multi-attribute group decision-making method based on multi-granulation weights
and three-way decisions, Int. J. Approx. Reason. 117 (2020) 122-147.
[35] James E. Peters, Sheela Ramanna, Proximal three-way decisions: theory and applications in social networks, Knowl.-Based Syst. 91 (2016) 4-15.
[36] Jianjun Qi, Ling Wei, Yiyu Yao, Three-way formal concept analysis, in: International conference on rough sets and knowledge technology, Springer,
2014, pp. 732-741.
[37] Jin Qian, Caihui Liu, Xiaodong Yue, Multigranulation sequential three-way decisions based on multiple thresholds, Int. J. Approx. Reason. 105 (2019)
396-416.

129


http://refhub.elsevier.com/S0888-613X(22)00105-0/bibD4A821CCD2EC024D2D11B1F24A9D241Fs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibD4A821CCD2EC024D2D11B1F24A9D241Fs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib735259B4A9752737514EC58F56777799s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib3E695CA7EE7456D2E805AB91FE02185Cs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib3E695CA7EE7456D2E805AB91FE02185Cs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib1EE36D9CB3D99D0318D54106CA3D6F0Cs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibE2879F798FA779BBC856FF7019F2C8B6s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibE2879F798FA779BBC856FF7019F2C8B6s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2B928E47CCBF9AA2486C6F12AABD234As1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib955A48541AF047F446E35B4A04B6B8A9s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib955A48541AF047F446E35B4A04B6B8A9s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibE97221A7A62AC374527CF48ED9F7B3FEs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib7AF2FB9F4E6FBA0B8EDBD8A3FCB73DBAs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib398051708B265DA3A4D6DBA3D079815Fs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibFBFB2AC75F342FBD08F115BC04C6BAF6s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib85D72275D118B086CD166493FF53D17As1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib4E6C34F2C1A5231384132B72BBA72689s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib4E6C34F2C1A5231384132B72BBA72689s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9A279CC84B0E60B860DC86FDF7264A4Bs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9A279CC84B0E60B860DC86FDF7264A4Bs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib887987C652DECB138CA733F1827BD5C4s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib887987C652DECB138CA733F1827BD5C4s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibA82034D8C045E3391D71DD3CFBD11AA5s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibA82034D8C045E3391D71DD3CFBD11AA5s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib47CC69BD41E7C0B979EA7D90EE610F96s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib47CC69BD41E7C0B979EA7D90EE610F96s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib4988863C79428569C017D1BFA94C1CA6s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib979DA90CFA9F01EEDD30DC74F3E762C8s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib979DA90CFA9F01EEDD30DC74F3E762C8s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibAAA245577759C4A7E4CC3D393B7BF9C1s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibAAA245577759C4A7E4CC3D393B7BF9C1s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib92F9688282E8B62E9C749D8F338D753Es1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9643602DC3CE373CCC382B85139BFF87s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9BD39915CA5F82C35D6DFB9968E3A8F2s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9BD39915CA5F82C35D6DFB9968E3A8F2s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib488664402B57DE6E8F4E26DEF2A5F832s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib1F02F78E63EDDB0DE42B212E97BCEB42s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib1F02F78E63EDDB0DE42B212E97BCEB42s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibCCB24A3316C1801CA1548715E2CCADA4s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibCCB24A3316C1801CA1548715E2CCADA4s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib947294D63E5773570C917F889B843BB7s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib947294D63E5773570C917F889B843BB7s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2804934BFECCA5E4B56E509F163BCBDFs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2804934BFECCA5E4B56E509F163BCBDFs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib718088535E05CEC0D2F00B96E1D93EADs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib718088535E05CEC0D2F00B96E1D93EADs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2BD5D7817BAB8342F064563DE1A3B4D8s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2BD5D7817BAB8342F064563DE1A3B4D8s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib0B7D9BD976E78FA6E557D20259518BF9s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2F62056CD7782BC0528C8300730BD0B1s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2F62056CD7782BC0528C8300730BD0B1s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB624EB67EEDBE98C426A79DD5D949092s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB624EB67EEDBE98C426A79DD5D949092s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB3A41C9E3DCC6EAFDF32A3F6961263F9s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB3A41C9E3DCC6EAFDF32A3F6961263F9s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibA4A766F1105A4D369E5A08E7BC0DEAE3s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib188A3903F3F7E091E7DF79CFD438C3FAs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib188A3903F3F7E091E7DF79CFD438C3FAs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB690C943E669ACAE55BF7AF8BE454EF3s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB690C943E669ACAE55BF7AF8BE454EF3s1

J. Shiand Z. Suo International Journal of Approximate Reasoning 149 (2022) 116-130

[38] Ruisi Ren, Ling Wei, The attribute reductions of three-way concept lattices, Knowl.-Based Syst. 99 (2016) 92-102.

[39] Bingzhen Sun, Weimin Ma, Binjiang Li, Xiaonan Li, Three-way decisions approach to multiple attribute group decision making with linguistic
information-based decision-theoretic rough fuzzy set, Int. J. Approx. Reason. 93 (2018) 424-442.

[40] Daniel Vanderpooten, Similarity relation as a basis for rough approximations, Adv. Mach. Intell. Soft. Comput. 4 (1997) 17-33.

[41] Ningxin Xie, Meng Liu, Zhaowen Li, Ganggiang Zhang, New measures of uncertainty for an interval-valued information system, Inf. Sci. 470 (2019)
156-174.

[42] Jianfeng Xu, Yuanjian Zhang, Duogian Miao, Three-way confusion matrix for classification: A measure driven view, Inf. Sci. 507 (2020) 772-794.

[43] Xin Yang, Tianrui Li, Hamido Fujita, Dun Liu, Yiyu Yao, A unified model of sequential three-way decisions and multilevel incremental processing,
Knowl.-Based Syst. 134 (2017) 172-188.

[44] Yiyu Yao, Three-way decisions with probabilistic rough sets, Inf. Sci. 180 (3) (2010) 341-353.

[45] Yiyu Yao, The superiority of three-way decisions in probabilistic rough set models, Inf. Sci. 181 (6) (2011) 1080-1096.

[46] Yiyu Yao, An outline of a theory of three-way decisions, in: International Conference on Rough Sets and Current Trends in Computing, Springer, 2012,
pp. 1-17.

[47] Yiyu Yao, Three-way decisions and cognitive computing, Cogn. Comput. 8 (4) (2016) 543-554.

[48] Xiaoging Ye, Dun Liu, An interpretable sequential three-way recommendation based on collaborative topic regression, Expert Syst. Appl. 168 (2021)
114454.

[49] Leung Yee, M. Manfred, A rough set approach for the discovery of classification rules in interval-valued information systems, Int. J. Approx. Reason.
(2008).

[50] Yunfei Yin, Guanghong Gong, Liang Han, A framework for interval-valued information system, Int. . Syst. Sci. 43 (9) (2012) 1603-1622.

[51] Yu. Hong, A framework of three-way cluster analysis, in: International Joint Conference on Rough Sets, Springer, 2017, pp. 300-312.

[52] Yu. Hong, Three-way decisions and three-way clustering, in: International Joint Conference on Rough Sets, Springer, 2018, pp. 13-28.

[53] Hong Yu, Ying Wang, Three-way decisions method for overlapping clustering, in: International Conference on Rough Sets and Current Trends in
Computing, Springer, 2012, pp. 277-286.

[54] Hong Yu, Ting Su, Xianhua Zeng, A three-way decisions clustering algorithm for incomplete data, in: International Conference on Rough Sets and
Knowledge Technology, Springer, 2014, pp. 765-776.

[55] Jianhang Yu, Weihua Xu, Incremental computing approximations with the dynamic object set in interval-valued ordered information system, Fundam.
Inform. 142 (1-4) (2015) 373-397.

[56] Jianhang Yu, Minghao Chen, Weihua Xu, Dynamic computing rough approximations approach to time-evolving information granule interval-valued
ordered information system, Appl. Soft Comput. 60 (2017) 18-29.

[57] Kehua Yuan, Weihua Xu, Wentao Li, Weiping Ding, An incremental learning mechanism for object classification based on progressive fuzzy three-way
concept, Inf. Sci. 584 (2022) 127-147.

[58] Chunying Zhang, Xueming Duan, Fengchun Liu, Xiaoqi Li, Shouyue Liu, Three-way naive Bayesian collaborative filtering recommendation model for
smart city, Sustain. Cities Soc. 76 (2022) 103373.

[59] Heng-Ru Zhang, Fan Min, Bing Shi, Regression-based three-way recommendation, Inf. Sci. 378 (2017) 444-461.

[60] Junbo Zhang, Tianrui Li, Da Ruan, Dun Liu, Rough sets based matrix approaches with dynamic attribute variation in set-valued information systems,
Int. J. Approx. Reason. 53 (4) (2012) 620-635.

[61] Qinghua Zhang, Deyou Xia, Guoyin Wang, Three-way decision model with two types of classification errors, Inf. Sci. 420 (2017) 431-453.

[62] Xiaoyan Zhang, Jirong Li, Jusheng Mi, Dynamic updating approximations approach to multi-granulation interval-valued hesitant fuzzy information
systems with time-evolving attributes, Knowl.-Based Syst. (2021) 107809.

[63] Yingying Zhang, Tianrui Li, Chuan Luo, Junbo Zhang, Hongmei Chen, Incremental updating of rough approximations in interval-valued information
systems under attribute generalization, Inf. Sci. 373 (2016) 461-475.

[64] Yuebing Zhang, Zhifei Zhang, Duoqian Miao, Jiaqi Wang, Three-way enhanced convolutional neural networks for sentence-level sentiment classification,
Inf. Sci. 477 (2019) 55-64.

130


http://refhub.elsevier.com/S0888-613X(22)00105-0/bib729454585F547690EB1ABE6E28430B0Cs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib874EBE9FADE1745442C5B12608CE8477s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib874EBE9FADE1745442C5B12608CE8477s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib0705BCDA25C2AE73DFC7D0EA19BE9754s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib8F75079E80A8692E5D0EC5D99C55AFC2s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib8F75079E80A8692E5D0EC5D99C55AFC2s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibB4EF860DE7E0EBF0F95C282093033423s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9883F242521A2A1007FAE0C8B5A4A5BAs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9883F242521A2A1007FAE0C8B5A4A5BAs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibD20AA50DA6C0ADD546AFF285A2B6C1D6s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibED014A2A9AEC663D90A15B6AFE41AB66s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib23FA11A9CEC060101388363302679C92s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib23FA11A9CEC060101388363302679C92s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib0FA421919220D787A83FAA60C961B1CEs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibCE482232CAA65E14DD5CCBC880785A10s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibCE482232CAA65E14DD5CCBC880785A10s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibF11E6355655C0C20A8AF6A01DBD4108Es1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibF11E6355655C0C20A8AF6A01DBD4108Es1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib315B338966A23D01D1F169E21E084082s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib2BA80D11B88F0905C82B3EE1679DD842s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib4C24F20F1A079BA1CE4813B0E2704903s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib1156E25FAB88705FDBC6A445063E2A8Bs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib1156E25FAB88705FDBC6A445063E2A8Bs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibF2A4817FD02E00F3E16FE3E8A565C61Ds1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibF2A4817FD02E00F3E16FE3E8A565C61Ds1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibD24741A3188A7F23046FE99B1334DF8Bs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibD24741A3188A7F23046FE99B1334DF8Bs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib03EC4A62B6BB261AA6A33D7E8D399BECs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib03EC4A62B6BB261AA6A33D7E8D399BECs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibE535FD82F5393F740C49ABAFAEE6D36As1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibE535FD82F5393F740C49ABAFAEE6D36As1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib5604B8BA481730B3A60967B935C431D7s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib5604B8BA481730B3A60967B935C431D7s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib3D59101197C164C47C0A13B024F9AA2Es1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibCD35A6D30D7A7E288A660D5B08C0AF0Ds1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibCD35A6D30D7A7E288A660D5B08C0AF0Ds1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib1C154406C8E77E735E7D4DC4CD7ED2D1s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib28E085568AD2465812FCF5BA984CABFBs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib28E085568AD2465812FCF5BA984CABFBs1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9C079C1360CF0B51ABB01C5AC2A19C27s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bib9C079C1360CF0B51ABB01C5AC2A19C27s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibFBF52CE46D523F9FC96DC1C33FE12DB4s1
http://refhub.elsevier.com/S0888-613X(22)00105-0/bibFBF52CE46D523F9FC96DC1C33FE12DB4s1

	Three-way decisions method based on matrices approaches oriented dynamic interval-valued information system
	1 Introduction
	2 Preliminaries
	3 3WD method based on matrix approach
	4 Matrices updating approaches oriented dynamic IvIS
	4.1 Updating the attribute set
	4.2 Updating the attribute value
	4.3 Updating the object set

	5 Experimental evaluations
	5.1 Comparison between TA-PBN-IS and MA-PBN-AA
	5.2 Comparison between TA-PBN-IS and MA-PBN-VA
	5.3 Comparison between TA-PBN-IS and MA-PBN-VO

	6 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	References


